Abstract. In a seminal paper in 1972 Hans Heilbronn introduced a virtual character associated to representations of Galois extensions of number fields and Artin's Conjecture on the holomorphy of L-series. His construction has evolved in both application and scope, and may now be applied to produce what are called Heilbronn characters of arbitrary finite groups. This article surveys the inception and development of this concept, weaving together its number-theoretic and group-theoretic dimensions, and culminates in a description of the recent classification of unfaithful minimal Heilbronn characters. Connections with other areas of mathematics, variations on these themes, and possible future directions are also explored.
Introduction
In 1972, stimulated by a visit to the University of Toronto by L. J. Goldstein who gave a talk on work by himself and his doctoral student Judy Sunley ( [Gs75, Su75] ), Professor Hans Heilbronn wrote and lectured on the beautiful four-page paper On the real zeros of Dedekind ζ-functions [He73] . Its main result is that if E is a finite Galois extension of a number field F , and F 2 is the composite of all quadratic extensions of F lying in E, then any real simple zero of ζ E (s) is a zero of ζ F 2 (s), where ζ K (s) denotes the Dedekind zeta function of any number field K. In his paper (and the conference proceedings [He72] ) Heilbronn introduced a "bookkeeping device" for relating the zeros of the zeta function of K at a complex point s 0 to zeros of zeta functions attached to the subfields of K at the same point s 0 , and vice versa. This simple yet seminal idea has blossomed into an entire line of research based on what are now called Heilbronn characters, with applications to Artin's Conjecture on the holomorphy of L-series, and concomitant implications in algebraic number theory. Moreover, the notion of a Heilbronn character, which originally relied on orders of zeros and poles of L-series attached to representations of Galois groups, has been "axiomatized" so that it may be abstracted to arbitrary finite groups. Some of the research in this area has then focused on the work of classifying, to the extent possible, Heilbronn characters, or more precisely minimal Heilbronn characters, for arbitrary finite groups. In this vein there are significant results for solvable groups; and with the completion of the Classification of the Finite Simple Groups in hand [GLS94] , an essential determination of all the finite groups that possess what are called unfaithful minimal Heilbronn characters has just been completed. It therefore seems an auspicious moment to survey this field 466 RICHARD FOOTE, HY GINSBERG, AND V. KUMAR MURTY in a self-contained, thorough, and accessible fashion, following mostly an historical development, up to the current state of the art. Our survey begins in Section 2 with the definition of Heilbronn characters associated to Galois extensions of number fields together with their basic properties. Short proofs of these properties are also included at the end, as these help to illustrate both the power and elegance of this line of research. The character theory in Section 2 is interwoven with number-theoretic background that illuminates the importance of Artin L-series to fundamental classical problems in number theory, many of which are still unsolved. These intertwined themes are further developed in Sections 3 and 4, where the first inklings of minimal Heilbronn characters for solvable groups emerge. A short, self-contained proof of a generalization of Heilbronn's original result is given at Theorem 3.2. With this background and motivation in hand, Section 5 introduces the notion of abstract Heilbronn characters for arbitrary finite groups, thereby extricating the original concept from its Galois-theoretic dependence. This generalization is exploited, using the Classification of the Finite Simple Groups, in Sections 6 and 7, where the aforementioned determination of groups possessing an unfaithful minimal Heilbronn character is explicated.
As with any great idea, the notion of Heilbronn characters impelled the development of ancillary results that were employed as tools in their study. In particular, the classification of minimal Heilbronn characters ultimately required knowledge of all finite groups possessing what are called strongly closed p-subgroups. This independent group-theoretic classification has far-reaching applications to areas as diverse as the homotopy structure of classifying spaces of finite groups, modular representation theory, and the burgeoning and very active interdisciplinary area of fusion systems. In Section 8 we briefly provide an introduction to strongly closed subgroups and these ramifications as well.
Returning to number-theoretic themes, Sections 9 and 10 survey applications of Heilbronn characters and variations of Heilbronn characters to other types of L-functions and other settings, such as elliptic curves. The article concludes with brief remarks on some possible future directions.
Finally, as one of the authors (Foote) was present at Heilbronn's first lecture on this subject, and many mathematicians remember Professor Heilbronn with enduring fondness, it is our honor to dedicate this survey to him.
Definition and basic properties of Heilbronn characters
In this section we set up the machinery and motivation for defining Heilbronn characters associated to Galois extensions of number fields. Eschewing for the moment our historical approach, for expediency we list the exact properties of Artin L-series that translate into the defining properties of Heilbronn characters. Historically only the definition and some of the properties of these (virtual) characters were introduced and exploited in Heilbronn's original work. The term "Heilbronn character" was coined by Sandy Rhoades in her doctoral dissertation [Rh93a] . The "axiomatic" setting evolved from work by Foote and Murty [FM89] , and was first written out explicitly in [Fo90] .
In order to be completely precise, we first define the Artin L-series attached to a (finite-dimensional, complex) representation of a Galois group for a number field extension. A more leisurely introduction to L-series, their properties and uses, appears in [He67] . For those unfamiliar with this theory, it suffices for the purpose of this survey that Artin L-series are a family of meromorphic functions on the whole complex plane associated to representations of a finite Galois group. We shall see that various L-series are related functorially via inflation-restriction maps between subgroups of Galois groups; it is primarily these relations, not the specific L-series themselves, that determine the definition of Heilbronn characters. (But, of course, in the number-theoretic applications, the L-series themselves are essential.)
Because some of the initial consequences of the definitions are so elementary and far-reaching, we include very brief proofs of these, including both Stark's Theorem and a generalization of the classical Aramata-Brauer Theorem (both are stated later). Readers wishing to follow only the survey may peruse these proofs lightly.
Let E/F be a Galois extension of number fields with Galois group G, and let
where the product is over all primes P in F , V I is the subspace of V fixed by the inertia group I of a prime in E over P and Frob P is a Frobenius element of G at that prime over P in E. The determinant is independent of the choice of prime above P, and so the L-function is well defined. When the extension associated to the L-series is clear, we shall simply denote the series by L(s, φ). By results of Hecke, Artin, and Brauer, this Euler product (which is seen to converge in the right half-plane Re s > 1) has a meromorphic continuation to the entire complex plane.
Artin's Conjecture is that if φ does not contain the principal character of G, then L(s, φ) is an entire function.
The following properties of Artin L-series will ultimately serve as the functiontheoretic "axioms" for reformulating Artin's Conjecture in the language of the character theory of G:
ψ is the character ψ considered as a character of G/ ker ψ. (The kernel of any character ψ is, by definition, the kernel of a representation affording
Results (L1) to (L3) are proved in [He67] and (L4) is a consequence of Artin Reciprocity and the analytic continuation of Hecke L-series (see [Ar27, Hk17] ). The Artin Reciprocity Law is a grand generalization of the Law of Quadratic Reciprocity.
In general terms, it asserts that the L-function associated to a one-dimensional Artin character is the same as the L-function associated to another type of character, this one built entirely out of data in the ground field (that is, with no reference to the extension). For example, for a Galois extension E of F = Q, it asserts that for any one-dimensional complex character χ of Gal(E/Q), there is an integer N and a character r χ : (Z/N Z) × −→ C × so that for any prime p that does not ramify in E, and any prime P of E dividing p, we have the equality
where the right-hand side means the value of the character r χ at the image of p in (Z/N Z) × . In terms of L-functions, one has the Dirichlet series
, and the statement is that
The L-series on the right belongs to a class that has been extensively studied in the context of the distribution of primes in arithmetic progressions. In particular, we know that it has an analytic continuation for all values of s except possibly for a simple pole at s = 1 which occurs if and only if r χ is the trivial character.
If the ground field F is not Q, one replaces (Z/N Z)
where O F denotes the ring of integers of F (the integral closure of Z in F ) and f is an integral ideal of O F canonically associated to the Galois character χ. In this case, the L-function L(s, r χ ) is a special case of a family studied by Hecke, and again one knows the analytic continuation for all s with a possible simple pole at s = 1 which occurs if and only if r χ is the trivial character.
Consider again the case F = Q. If r χ is real-valued, then the fixed field of the kernel of χ is a quadratic extension K (say) of Q. In this case, a classical formula of Dirichlet relates the special value L(1, r χ ) to the arithmetic of K. More precisely, it says that
respectively, the class number of K, the number of roots of unity in K, a fundamental unit of K (a "smallest" generator of the group of units, which is known to be an abelian group of rank 1), and the discriminant of K.
A problem of significant interest from the time of Gauss was to understand the growth of the class number h K as K varies. In particular, Gauss conjectured that h K = 1 for only a finite number of imaginary quadratic fields, and h K = 1 for infinitely many real quadratic fields. The first assertion is now a theorem due to the efforts of many authors, but culminating in the effective determination by Baker and Stark of all imaginary quadratic K such that 
Hecke was able to prove that if L(s, r χ ) has no real zeros on the interval
for some constant c > 0, then the bound (2) in fact holds. In particular, if the Riemann Hypothesis for L(s, r χ ) were assumed, then the class number bound (3) does hold, and h K → ∞ as |d K | → ∞. On the other hand, Deuring and Heilbronn [He34] proved that if the Riemann Hypothesis were false for some Dirichlet Lfunction, then also h K → ∞. These complementary results thus proved Gauss's Conjecture in the imaginary quadratic case, albeit ineffectively. The approach of Baker [Baker66] and Stark [St67] was to use transcendental number theory, and they were able to obtain an effective determination of the fields K for which h K = 1. With more work, they could also do the case h K = 2 [Baker71], [St72] . By developing a more sophisticated version of the Deuring-Heilbronn approach and using L-functions associated to elliptic curves, Goldfeld (combined with the work of Gross and Zagier [Goldfeld76] , [GZ86] ) showed effectively that in fact
This is of course enough to show that h K → ∞ effectively, but it is still quite far from the expected bound (3).
What about when K is a real quadratic field? As we stated above, Gauss's Conjecture is still open in this case. However, the method described above of Hecke shows that the absence of zeros of L(s, r χ ) in the region (4) implies that 
where n(G, φ) is the order of zero or pole of the meromorphic function L(s, φ) at s = s 0 for any character φ of G (not necessarily irreducible). Indeed, it follows directly from property (L1) that Although properties (H1) to (H3) delineate that which we shall see are the distinguishing features of "abstract Heilbronn characters", before defining the latter we continue the Artin-theoretic motivation by recording some important consequences of the properties of Heilbronn characters associated to Galois extensions and L-series. From properties (L4) and (H1) it follows immediately that (H4) θ G | A is a character of every abelian subgroup A of G (or is identically zero on A); more generally, θ G | P is a character or zero for every nilpotent subgroup P .
Thus by restricting θ G to the identity subgroup, evaluating at the identity of the group G (denoted henceforth by 1 G ) and using the second part of property (L4), one sees that
Since the Dedekind zeta function has no pole at 
for every subgroup H of G, with equality holding if and only if
As observed earlier, it is immediate from property (L1) of Lseries that displayed property (6) above holds. Applying this to φ = Ind G H (ψ) and invoking property (L3) then shows the left-hand side equals the right, as needed.
(2) By (1), θ G | P = θ P for P a nilpotent subgroup of G. As noted earlier, every irreducible character of a nilpotent group is monomial, so by properties (L3) and (L4) applied to the Galois group P , we see that each irreducible character of P must appear with nonnegative multiplicity in θ P , i.e., θ P is a character or zero.
(3) This follows by restricting θ G to the identity subgroup to obtain θ 1 G . The result now follows from (L4) applied to the extension F/F with Galois group 1 G .
(4) For each g ∈ G, θ G restricted to the abelian (hence nilpotent) subgroup g is a character of degree r. Thus θ G (g) is a sum of r roots of unity, whence (4) holds.
(5) This follows immediately from (4) and the definition of the inner product of θ H with itself.
(6) This follows immediately from the definition of θ G and the inner product.
As a consequence of these results we see that θ G (1 G ) ≥ 0, and θ G is the zero function if and only if θ G (1 G ) = 0. We will henceforth be concerned with the case θ G = 0 and so θ G (1 G ) ≥ 1.
We shall see in the upcoming sections how Proposition 2.1 gives short and elegant proofs-which we therefore also include in this survey-of both classical and new results in the theory of L-series.
The Heilbronn and Stark Theorems
The ideas in Heilbronn's paper next came to light in the beautiful and important paper by H. Stark [St74] . His motivation was to look for an effective version of the Brauer-Siegel Theorem. At first, this would seem impossible as the discussion above points out the difficulties even in the case of quadratic fields. However, Stark's insight was that this is essentially the only difficulty. The elementary development of the previous section enables us to include a very brief, complete proof of Stark's Theorem. Moreover, we provide a proof of a generalization of Heilbronn's seminal result stated at the outset of the paper (although historically the latter preceded and impelled the former).
Property (H6) of Heilbronn characters shows that the order of vanishing of the Dedekind zeta function of the top field E in a Galois extension E/F plays an important role in the determination of whether Artin L-series are analytic at s 0 ∈ C. Moreover, Proposition 2.1 shows that this parameter is encoded in the Heilbronn character θ G as its "degree" θ G (1 G ). A critical ingredient in Stark's work is the extension of (H6) to simple zeros: Theorem 3.1. If the Dedekind zeta function of E has a simple zero at s 0 , i.e.,
Proof. By Proposition 2.1, the hypothesis that ζ E (s) has a simple zero at s 0 is equivalent to θ G (1 G ) = 1. Proposition 2.1(5) applied to H = G gives that || θ G || 2 ≤ 1. Thus the virtual character θ G has exactly one irreducible constituent. Since θ G (1 G ) = 1 > 0, it must be an irreducible character (i.e., have positive coefficient), hence Artin's Conjecture is true at s 0 .
In fact, the argument tells us somewhat more. Not only is θ G a character, it must be a one-dimensional character (because θ G (1 G ) = r = 1). Moreover, if s 0 is real, then χ must be real-valued: indeed, if L(s 0 , χ, E/F ) = 0, then L(s 0 , χ, E/F ) = 0 also, and both χ and χ occur as constituents of θ G ; hence χ = χ.
Since a real linear character χ is a homomorphism of G into {±1}, its kernel is a subgroup H of index at most 2 in G. By Proposition 2.1(1), for any subgroup These last comments are what is behind the number-theoretic applications of the above result. Indeed, by analytic considerations, Stark showed that in the region where s = σ + it is bounded by
the Dedekind zeta function ζ E (s) has at most a simple zero, and if this zero β 0 (say) occurs, it must be real. To simplify the discussion, let us suppose that F = Q. Applying the above result, Stark deduced that there is a subfield
Since the Riemann zeta function does not have any real zeros in Re(s) > 0, this zero must belong to a quadratic extension, and so [K : Q] = 2. In this case, we have an effective estimate
Using the elementary bound
we deduce that
Combining this with further analytic considerations, Stark deduces the effective lower bound
Re
for the residue. The upper bound is in fact easy to make effective, so this actually gives an effective version of the Brauer-Siegel Theorem, at least in the case that E/Q is Galois.
In some cases this effective upper bound can be used to get an effective lower bound on class numbers. For this, consider the case where E is a CM-field (that is, a totally complex quadratic extension of a totally real field). Denote by E + the maximal totally real subfield. Then [E : E + ] = 2 and there is a positive integer f such that
Using the above bounds, one has an effective lower bound for the left-hand side. Thus one deduces an effective lower bound for the quotient h E /h E + , and hence also for h E . All of these results require the hypothesis that E/F is Galois. If we drop this hypothesis, then the problem becomes considerably more complicated. Consider a zero ρ of ζ E (s) in the region
for some constant c > 0 and n = [E : F ]. Let M be the compositum of E and one of its conjugates, say E φ . Then we have the elementary estimate
Thus the zero ρ lies in the region
If we choose 0 < c < 1/8, then this zero lies in the Stark region (8), and so is a simple zero of ζ M (s). Now if we assume Artin's holomorphy conjecture for L/F , where L is some extension of E that is Galois over K, then
is entire, where N = E ∩ E φ . It follows that ζ N (s) has a zero at the same point. Moreover, as the discriminant of N is at most that of E, the same bound as above applies to ρ with d E replaced with d N . In particular, ρ is a zero of ζ N (s) that lies in the Stark region (8), and so is a simple zero. Now repeating this process, if necessary, will yield an at most quadratic extension of F where this zero occurs.
In general we do not have Artin's Conjecture. To compensate for this we have to narrow the Stark region further and also impose an additional restriction on the Galois closure of E/F . For example, in [KM1] , [KM2] we assume that the normal closure is solvable. To state the result precisely, we need to introduce some arithmetical functions. For a positive integer n, set
Also define the function γ(r) = 12 r−1 e 1/3 . Now set
Let c > 0 be sufficiently small, and suppose that ζ E (s) has a zero ρ in the region
Then such a zero is necessarily real and simple, and there is a field N with F ⊆ N ⊆ E and [N : F ] ≤ 2 with ζ N (ρ) = 0. This is Theorem 2.1 of [KM2] . Using this result and arguing as before, one can obtain effective lower bounds for the class number of a CM-field whose Galois closure is solvable. Stark has conjectured that such effective lower bounds should exist for any CM-field, but this is still an open problem.
Heilbronn characters for solvable groups and the Aramata-Brauer Theorem
The ideas of Heilbronn and Stark remained dormant for many years until, in 1987, K. Murty began to consider whether Artin's Conjecture for the Galois extension E/F could be proved at s 0 ∈ C − {1} under the assumptions that ζ E (s) has a zero of order 2 at s 0 and the degree of E/F is odd. Murty could then invoke the Feit-Thompson Theorem to assert that G = Gal(E/F ) is a solvable group. Fortuitously, Murty and Foote were both participants in the Quebec-Vermont Number Theory Seminar, and so they began to work together on this problem. Their collaboration resulted in the paper [FM89] , which contained a number of advances.
First and foremost, it made explicit the properties of Heilbronn characters established in Proposition 2.1 (although some proofs were slightly different). Using these, it gave a short proof of a (new) generalization of the classical Aramata-Brauer Theorem. We include a slight digression to help motivate this theorem.
Properties (L3) and (L4) in Section 2 yield the familiar factorization of the zeta function of E into L-series corresponding to the decomposition of the character of the regular representation of G, reg = Ind
, where I is the principal character of the trivial subgroup 1 G :
From this we see that for each irreducible character χ of G, L(s, χ) is a factor of ζ E (s) appearing with multiplicity equal to the degree of χ. In particular, if I G denotes the principal character of G, then by (L2) and (L4) we see that 
Proof. Using the notation of Proposition 2.1 and the properties of the character norm, we see from its part (5) that for any irreducible character χ of G,
Thus the absolute value of the order of zero or pole of L(s, χ) is less than or equal to the order of zero of ζ E (s) at s 0 , and so the theorem follows.
The next innovation of [FM89] , the notion of minimal counterexamples to Artin's Conjecture, was inherent in the last main result of that paper, which is Theorem 4.2 following. Before stating the theorem, we extract and highlight that concept. If indeed Artin's Conjecture is false at the point s 0 for some Galois extension E/F , then it must fail in some intermediate Galois extension
Translating into the language of Heilbronn characters, let G 1 = Gal(E 1 /F 1 ) be the corresponding section of the group G. (A section of G is any A/B where A and B are subgroups of G with B A.) Then because of properties (L2) and (L3), the Heilbronn character θ G 1 has the additional properties: 
Theorem 4.4. Let E/F be a Galois extension of number fields with solvable Galois group G, and let s
These two papers appear to be the best possible results for characterizing the "minimal obstructions" to Artin's Conjecture for the family of solvable Galois extensions. Moreover, they lead naturally to a more axiomatic approach that frees the notion of Heilbronn character from being wedded to a Galois-theoretic context. We investigate this line of thinking next.
Abstract Heilbronn characters for arbitrary finite groups
We now have the motivation and background for defining "abstract" Heilbronn characters of arbitrary finite groups. Such virtual characters should satisfy at least some of the above (H)-properties in order to be candidates for Heilbronn characters associated to Artin L-series. It appears that the most general yet tractable family of virtual characters is delineated by the following: In other words, the inner product of a Heilbronn character θ with every monomial character of G must be nonnegative. Of course every character of G is necessarily a Heilbronn character, so we shall be concerned primarily with Heilbronn (virtual) characters that are not characters.
We now observe that if we begin with an arbitrary ("abstract") Heilbronn character θ of any finite group G, we obtain "compatible" Heilbronn characters of all sections of G, namely ones that satisfy conditions (H1) to (H4) The term "Heilbronn character" first appears in Sandy Rhoades's doctoral dissertation [Rh93a] , written after the papers [FM89, Fo90] . More generally, for any set of characters F of a finite group G, she defines a Heilbronn character with respect to F to be any virtual character of G whose inner product with all elements of F is nonnegative. For example, when F consists of all irreducibles, a Heilbronn character with respect to F is just an ordinary character (or zero). When F is not specified explicitly, we shall (as originally defined) assume F consists of all the monomial characters of G. In the first part of her thesis, Rhoades illuminates, in a more general setting, the "dual" approaches to Artin's Conjecture: on one hand via direct applications of Brauer Induction and on the other via Heilbronn characters (see [Rh93] ). The proof of Rhoades's Theorem is a nice application of results about positive polyhedral cones in the theory of convexity and optimization [SW75] .
Theorem 5.2. Let F be a nonempty set of characters of the finite group G, and let ψ be a nonzero virtual character of G. Then ψ can be written as a positive rational linear combination of characters from F if and only if ψ is a Heilbronn character with respect to F.
Although Theorem 5.2 seems to show that no new verifications of Artin's Conjecture can be obtained via Heilbronn characters alone that might not, in some way, be established via direct applications of Brauer Induction, the efficacy of Heilbronn characters remains undiminished. In addition to vastly simplifying, and indeed generalizing, such classical results as the Aramata-Brauer Theorem, Heilbronn characters provide new insight and number-theoretic "leverage", as Stark's Theorem and its consequences illustrate. Moreover, they effectively parameterize (via θ(1 G )) "minimal counterexamples" to both Artin's Conjecture and, as we shall see shortly, "minimal Heilbronn characters" of arbitrary finite groups. We have also already seen how, given only some knowledge of orders of vanishing of zeta functions, Heilbronn characters extend beyond the family of M -groups the frontier of Galois groups for which Artin's Conjecture is known to be true. Moreover, abstract Heilbronn characters now yield insights about Brauer Induction in the general theory of finite groups, as the ensuing sections will render even more manifest.
We shall be especially concerned with the theory of minimal Heilbronn characters, and unfaithful Heilbronn characters, which we now define. The notion of a minimal Heilbronn character is precisely the translation to an abstract group setting of properties (MH1) and (MH2) of a minimal counterexample to Artin's Conjecture for a Galois group. 
A Heilbronn character θ is called faithful if its kernel is the identity subgroup (and θ is called unfaithful otherwise).
Assuming (MHi), it is an exercise that condition (MHii) can be replaced by the following condition, so one sees that (MHi) and (MHii ) give an equivalent definition of minimal:
The terms degree and kernel of a Heilbronn character θ are abuses of terminology, since θ is a difference of characters, so these have no strictly representation-theoretic interpretation. In particular, the kernel is not generally a subgroup of G, but rather a union of conjugacy classes.
For the sake of completeness we conclude this section with some complementary results. By Theorem 5.2 if χ is an irreducible character of G such that χ , ψ ≥ 0 for all monomial characters ψ of G, then ψ is a positive rational linear combination of monomial characters. It follows immediately then that kχ is monomial for some positive integer k. By Brauer's Theorem every L-function is meromorphic, so if some positive integer power of it is analytic, then the L-function itself is analytic. By a result of Ferguson and Isaacs, [FI89] , if G is solvable and any positive integer multiple of an irreducible character χ is monomial, then χ itself is monomial.
A recent paper by J. König [Ko09] proves that if G is a finite group for which every irreducible character has some positive integer multiple that is a monomial character, then G is necessarily solvable. This proof relies on the Classification of the Finite Simple Groups.
In a similar vein, Arthur and Clozel in [Cl87] defined the notion of accessible characters and proved for solvable groups that Artin's Conjecture holds for accessible characters. However, in [Da88] E. Dade proved that every accessible character of a solvable group is monomial, hence again no new instances of the validity of Artin's Conjecture arise via their construction.
Finally, it is worth recording that the minimal non-M -groups-finite groups that are not M -groups but all of whose proper subgroups and quotient groups are M -groups-were classified by van der Waall in [vdW78] .
Zeros of order 2 and Heilbronn characters of nonsolvable groups
Just after the Foote-Murty work on Heilbronn characters of small degree for solvable groups, again motivated by both Stark and Foote-Murty, Foote and Wales considered the general (nonsolvable) case of a zero of order 2 for ζ E (s) at some s 0 ∈ C − {1}. As before, by Proposition 2.1 the corresponding Heilbronn character θ G of the Galois group G has degree 2. Moreover, by Proposition 2.1(5), || θ G || 2 ≤ 4; and so if θ G is not already a character (in which case Artin's Conjecture holds at s 0 ), θ G can have at most four irreducible constituents, all with multiplicity ±1, and at least one with each sign. These conditions seem difficult to deal with for arbitrary groups; however, the abstract Heilbronn character approach allows one to classify the minimal obstructions to Artin's Conjecture [FW90] :
Theorem 6.1. Let E/F be a Galois extension of number fields with Galois group G, and let s 0 ∈ C − {1}. Assume the Dedekind zeta function of E has a zero of order ≤ 2 at s 0 . If Artin's Conjecture is false at s 0 for some character of G, then there exist intermediate fields
F ⊆ F 1 ⊆ E 1 ⊆ E with E 1 /F 1 a
Galois extension with Galois group isomorphic to SL 2 (p) or SL 2 (3) such that Artin's Conjecture is likewise false at s 0 for some (irreducible) character of this Galois group.
Here SL 2 (3) is any nontrivial semidirect product of the quaternion group of order 8 by a cyclic 3-group. (Note that Gal(E 1 /F 1 ) is a section of the group G.) In the terminology of Section 5, Theorem 6.1 is essentially equivalent to proving that if the counterexample Galois group G has a Heilbronn character of degree 2, then G contains a section isomorphic to SL 2 (p) for some odd prime p or SL 2 (3). Indeed, this paper classifies all finite groups that possess a minimal faithful Heilbronn character of degree 2, and so obtains a characterization applicable to general finite groups (and likewise gives new insight into the subtleties of Brauer Induction). This proof relies on the Classification of the Finite Simple Groups, but in a very focused way. We sketch the Foote-Wales strategy because it became the template for subsequent generalizations and offshoots.
For the remainder of this section assume θ is a minimal (abstract) Heilbronn character of degree 2 of the arbitrary finite group G. As in the case where G is solvable, the presence of nontrivial proper normal subgroups together with the minimality conditions provide enough leverage via Clifford's Theorem to reduce to the case where G is a quasisimple group (a perfect central extension of a nonabelian simple group); this reduction takes some effort, especially eliminating the case where G has a normal simple subgroup of prime index. Now by the FeitThompson Theorem G has a nontrivial Sylow 2-subgroup T . Let
Note that since T is a proper subgroup of G, the restriction θ| T is an ordinary character of T and so S is a subgroup of T (i.e., here "kernel" has the usual RICHARD FOOTE, HY GINSBERG, AND V. KUMAR MURTY
representation-theoretic significance). A critical observation is that (9)
S is a strongly closed subgroup of T with respect to G.
By definition this means the following.
Definition 6.2. Let G be any finite group, and let S and T be any subgroups of G with S ≤ T . We say S is strongly closed in T with respect to G if for every s ∈ S, whenever gsg −1 ∈ T for any g ∈ G we must have gsg −1 ∈ S. If S is a p-group for some prime p, we say S is strongly closed (without reference to T ) if it is strongly closed with respect to G in some (hence every) Sylow psubgroup containing it.
In other words, the G-conjugacy class of each s intersected with T must be contained in S for each s ∈ S. The reason (9) holds is because θ is a global class function on G, so its value is the same on each G-conjugate of any element s. Strong closure is a powerful "fusion-theoretic" condition on p-subgroups of G, and we explore this in greater detail in Section 8. Using this property together with a transfer theorem due to Goldschmidt [Go75, Th. B], the authors show that T/S ∼ = Q 8 . Lengthy inspection of the list of all finite simple groups, using numerous structure theorems to expedite the elimination of all but the target groups, ultimately completes the proof.
In summary, the restriction of a minimal Heilbronn character of a finite group G to its (proper) Sylow p-subgroups produces strongly closed p-subgroups; these in turn provide powerful fusion-theoretic information restricting the global nature of G.
Foote and Wales also show that their result is best possible by constructing minimal Heilbronn characters for each of the groups listed in their conclusion. In particular, for every prime p ≥ 5, SL 2 (p) has irreducible characters χ and ψ of degrees p + 1 and p − 1, respectively, such that χ − ψ is a minimal Heilbronn character of degree 2.
Finally, in the second part of her doctoral dissertation [Rh93a] , Rhoades shows that if one weakens the hypothesis in Theorem 6.1 to assume a zero of order at most 3, the same conclusion holds, i.e., there are no new minimal Heilbronn character obstruction groups in degree 3. (Note that one could always add a character to a minimal Heilbronn character to obtain another minimal Heilbronn character.)
Classification of unfaithful minimal Heilbronn characters
As noted, an essential component of the proof of the classification of "minimal Heilbronn groups" for degree 2 Heilbronn characters is the leverage provided by the strongly closed subgroup S of a Sylow 2-subgroup T of G where, as before, S = ker θ| T . It turns out that the ordinary character θ| T is, in fact, a faithful character of T of degree 2, i.e., S = 1 G . The 2-groups that possess faithful representations of degree 2 have an abelian subgroup of rank at most 2 and index at most 2.
If one could prove S = 1 G without relying on the full Classification of the Finite Simple Groups, much less complicated classifications could then be invoked to determine the minimal obstructions in Theorem 6.1. In other words, knowing that θ restricts to a faithful ordinary character of degree θ(1 G ) on a Sylow 2-subgroup gives significant information about a minimal counterexample G. This observation instigated the next development [Fo97a] . Again, it is important to note that this theorem is a consequence of the corresponding general theorem about abstract minimal Heilbronn characters θ of arbitrary finite groups (which we omit stating, as it is, mutatis mutandis, the above result). As in the Foote and Wales paper, the proof reduces to the bedrock case where G is a quasisimple group. Likewise for T ∈ Syl 2 (G) and S = ker θ| T , we see immediately that S is strongly closed in T with respect to G. At this point Foote quotes the complete classification of all finite groups possessing a strongly closed 2-subgroup (see Theorem 8.1), which was specifically proved in order to deal with this setup (although it has significant independent ramifications, as we shall explore in Section 8). If S = 1 G , then θ| T is faithful, and the conclusion holds. If 1 G < S < T , then the strongly closed classification yields that G is a quasisimple group with a BN -pair of rank 1, and we shall see that such groups easily lead to a contradiction. It remains to handle when S = T , i.e., θ| T is a multiple of the principal character. This difficult case-about which the strongly closed classification gives no information-is eliminated by a graph-theoretic argument which we now sketch, as it is a cornerstone of generalizations that we shall describe later.
Recall that ker θ = {g ∈ G | θ(g) = θ(1 G )} is not generally a subgroup (here G is quasisimple, so its only proper normal subgroups are contained in its center); however, since θ| H is an ordinary character of every proper subgroup H of G, ker θ| H is a normal subgroup of H for every proper subgroup H of G.
The strategy is to "tie together" all these proper kernels to obtain the contradiction that θ is constant on all of G. To this end, define a relation on G-stable subsets of G as follows: Let C be a union of conjugacy classes of G, let D be a single conjugacy class, and write C → D if there is a proper subgroup H of G generated by some elements of C such that D ∩ H = ∅. Observe that if C ⊆ ker θ and C → D, then because θ| H is an ordinary character of H but H is generated by elements in the kernel of this character, every element of H is in the kernel of θ| H . In particular, θ(d) = θ(1 G ) for some d ∈ D, and so the entire conjugacy class D lies in the set ker θ. Whenever this happens, we can then replace C by the ostensibly larger set C ∪ D = C and seek new conjugacy classes D such that C → D . The method of proof in [Fo97a] is that if S = T , then we may begin this process by taking C to be the set of all 2-elements in G. Ultimately, Foote shows that every conjugacy class is "swallowed-up" via the → generation process, hence ker θ = G, a contradiction.
To illustrate, consider when G ∼ = Sz(2 n ) is a Suzuki simple group. In this group, assuming only S = 1 G , we get that S contains some involution in G. Thus ker θ contains the (single) class of all involutions. If an involution s inverts an odd order element x of G, then x lies in the dihedral group s, x = s, xsx −1 , and so all such odd order elements lie in ker θ. In Sz(2 n ) this includes all odd order elements. Finally, the Sylow 2-subgroup T is normalized by an odd order element h (a Cartan element of G) such that T = [T, h]. Thus T is contained in ker θ| H because H = T, h is a proper subgroup generated by conjugates of h. This shows θ is constant on all of G, a contradiction. Indeed, an analogous short RICHARD FOOTE, HY GINSBERG, AND V. KUMAR MURTY "chain of arrows" may be constructed to eliminate each of the BN -rank 1 groups mentioned above where 1 G < S < T . More elaborate chains are needed for other quasisimple groups.
The SL 2 (p) examples in [FW90] , for p a prime ≥ 5, show that if G is a quasisimple group possessing a minimal Heilbronn character θ, then θ need not be faithful. More specifically, the minimal Heilbronn characters of degree 2 on these groups all restrict to twice the principal character on a Sylow p-subgroup. This somewhat discouraging observation, together with the lack of a classification of strongly closed p-subgroups for p odd, impeded progress along these lines for over ten years.
In early 2007, Ramón Flores contacted Foote seeking information about strongly closed p-subgroups for odd primes p in order to extend some work he was doing in the area of homotopy, completely unrelated to Heilbronn characters. Flores, along with J. Scherer [FS07] , gave a complete description of the BZ/2Z-cellularization of classifying spaces BG for all finite groups G, by classifying the possible homotopy types of CW BZ/2Z BG. Their classification relied, in an essential way, on the classification of finite groups possessing strongly closed 2-subgroups. Flores wished to extend his results to odd primes. As a result, he and Foote collaborated to first give a complete classification of all finite groups possessing a strongly closed p-subgroup for all odd p [FF09] , and then used this to prove the corresponding BZ/pZ-cell structure classification for odd primes p too [FF11] . For quasisimple groups, the families of strongly closed "obstructions" obtained for p odd is much more diverse than for p = 2, and includes a wide range of Chevalley simple groups as well as some sporadic simple groups (see Theorem 8.2 following). This unexpected collaboration, impelled by problems in completely different fields, then provided new impetus to the study of Heilbronn characters (and to other areas, as will be outlined in Section 8).
With the aforementioned group-theoretic classification in hand, Hy Ginsberg undertook the project of extending Theorem 7.1 to all odd primes. More precisely, he set out to characterize exactly which groups possess a minimal Heilbronn character that fails to restrict to a faithful character on some Sylow p-subgroup. In other words, Ginsberg sought to classify groups that possess an unfaithful minimal Heilbronn character. The main result of his doctoral dissertation [Gi10, Gi11] follows:
Theorem 7.2. Suppose G is a finite group possessing an unfaithful minimal Heilbronn character θ. Then θ restricts to an unfaithful character of some Sylow subgroup of G, and if P is a Sylow p-subgroup of G on which θ is unfaithful, then all of the following hold:
(i) p is odd; (ii) G is quasisimple with a cyclic center of order prime to p;
for q an odd prime with p dividing q − 1. (In the latter case Ω 1 (P ) is also contained in a Borel subgroup N G (Q) for some Sylow q-subgroup Q of G.) Conversely, suppose G is a finite group, and for some prime p and Sylow p-subgroup P of G conditions (i) to (v) above hold. If P 1 is any nontrivial subgroup of P , then G has a minimal Heilbronn character whose restriction to P has kernel equal to P 1 . This result established highly restrictive necessary and sufficient conditions for a general finite group to have an unfaithful minimal Heilbronn character.
Ginsberg's determination of the necessary conditions follows the same overall strategy as in the p = 2 classification, first reducing to the quasisimple case, then handling the groups that possess "nontrivial" strongly closed p-subgroups (quoting the Flores-Foote classification). He unravels the "arrow" relationship in simple groups, starting from the configuration that the initial "C" is a set of p-elements of G, for appropriate odd prime p. He achieves some savings by quoting the overall p = 2 classification whenever some nontrivial 2-element lies in the kernel of the minimal Heilbronn character restricted to some proper subgroup. However, he had considerable work to do since there are an array of different quasisimple groups that satisfy his conditions (i.e., he is not simply heading for a contradiction, as described in the p = 2 case).
To prove that conditions (i) to (v) are also sufficient, Ginsberg showed how to construct the desired unfaithful minimal Heilbronn characters on such a quasisimple group. He took a faithful irreducible character χ of G and then redefined χ on pelements in such a way that it has any specified kernel P 1 when restricted to the Sylow p-subgroup P . He then showed that the resulting class function θ restricts to an ordinary character on every proper subgroup, hence is a virtual character (hence an unfaithful minimal Heilbronn character) by Brauer's Characterization of Characters. The "uniqueness" condition (v) on P -which says that P is "isolated" from the rest of G in some respects-is crucial to showing that the redefinition of χ does not destroy the property that the modified χ remains a character when restricted to all proper subgroups.
Ginsberg classifies the unfaithful minimal Heilbronn characters for the simple groups L 2 (q) in (v) in [Gi13a] .
Finally, Ginsberg recently essentially classified all quasisimple groups satisfying conditions (i) to (v) in [Gi13b] . The collection of almost simple subgroups of a classical group G is discussed in [KL90] ; ord p (q) denotes the multiplicative order of q modulo p. The sufficiency condition in this theorem is a consequence of the Bang-Zsigmondy Theorem on the existence of primitive prime divisors of a n − 1 [Ba86, Ro97] . This result together with Theorem 7.2 now give an essentially complete classification of the groups that possess unfaithful minimal Heilbronn characters, and hence a corresponding classification for minimal counterexamples to Artin's Conjecture. Note that the conclusion θ G is faithful, imposes significant restrictions on the structure of G. In this case every proper subgroup of G has a faithful representation of degree r; in particular, the rank of every abelian subgroup of G is at most r.
Strongly closed subgroups of finite groups
Because the theory of strongly closed subgroups plays such an important role in the study of Heilbronn characters, and is also central to finite group theory as well as to some other areas of mathematics, this section is a brief diversion that highlights some major results employed in-and partially impelled by-Heilbronn character research. Subsequent sections do not rely on it, so this section may be skipped or postponed by readers wishing to return expeditiously to L-functions.
As noted earlier, the classification of all finite groups possessing a strongly closed p-subgroup was first carried out for p = 2 [Fo97b] with the specific intention of using it to prove Theorem 7.1 on minimal Heilbronn characters-the latter theorem appears in the same journal issue as the strongly closed classification. About ten years later, Flores instigated the p odd strongly closed subgroup classification for applications in homotopy theory (having used the p = 2 result in his earlier work). The p odd classification was then employed by Ginsberg to determine all unfaithful minimal Heilbronn characters, thereby coming full circle. The theory of strongly closed subgroups has a rich and extensive history within the overall theory of finite groups, and it would be too long and take us too far afield to survey it. We therefore include this brief section, following closely the introduction in [FF09] , to give an aperçu of the area and its larger scope.
For any finite group G and subgroup T we say two elements of T are fused in G if they are conjugate in G but not necessarily in T . This concept has played a central role in group theory and representation theory, particularly in the case when T is a Sylow p-subgroup of G for p a prime.
Recall from Definition 6.2 that a subgroup S of T is called strongly closed in T with respect to G if for every a ∈ S, every element of T that is fused in G to a lies in S; in other words, a G ∩ T ⊆ S, where a G denotes the G-conjugacy class of a. It is easy to verify that if S is a p-subgroup, then S is strongly closed in a Sylow p-subgroup if and only if it is strongly closed in N G (S), so the notion of strong closure for a p-subgroup does not depend on the Sylow subgroup containing it. For a p-group S we therefore simply say S is strongly closed. Seminal works in the theory of strongly closed 2-subgroups are the celebrated Glauberman Z * -Theorem [Gl66] and Goldschmidt's theorem on strongly closed abelian 2-subgroups [Go74] . The Z * -Theorem proves that if S is strongly closed and of order 2, then S ≤ Z(G), where the overbars denote passage to G/O 2 (G). Goldschmidt extended this by showing that if S is a strongly closed abelian 2-subgroup, then S G is a central product of an abelian 2-group and quasisimple groups that either have a BN -pair of rank 1 or have abelian Sylow 2-subgroups. These two theorems, in particular, played fundamental roles in the study of finite groups, especially in the Classification of the Finite Simple Groups. The concept of strong closure has important ramifications beyond finite group theory. In particular, it is intimately connected to Puig's formulation of fusion systems (or Frobenius categories), which evolved from the modular representation theory of finite groups (each p-block of a finite group has an associate fusion system). A fusion system on any finite p-group T is a collection of injections between subgroups of T satisfying various axioms (see [As07] ). This construct subsumes the special case when T is a Sylow p-subgroup of some finite group G, and the collection of maps consists of all conjugation maps H → gHg −1 whenever H and gHg −1 are both subgroups of T for any g ∈ G. In other words, in the latter context a fusion system "throws out" the ambient group G and retains only the (abstract) maps induced on various subgroups of T by G-conjugation. (There are examples of fusion systems on a specific p-group T that cannot arise from just conjugation maps by embedding T as a Sylow subgroup of some finite group G; so the category of fusion systems properly contains the group-theoretic families of examples.) The concept of strong closure extends in an obvious way to abstract fusion systems and plays a critical role therein: if F is a fusion system on a p-group T , then the "homomorphic images" of F are in bijective correspondence with the strongly closed subgroups of T . Fusion systems were further refined by Broto, Levi, and Oliver in [BLO03] to create the class of p-local finite groups (see also [As07, BLO07, BCGLO07, Li06] ). Oliver then used this approach to prove that the homotopy type of the p-completed classifying space of a finite group G is uniquely determined by the (saturated) fusion system (G, T ), where T is a Sylow p-subgroup of G. Thus strong closure and its extensions to fusion systems and p-local finite group theory also has significant ramifications in deep and currently very active areas of modular representation theory and algebraic topology.
To describe the main classification, we introduce some notation. Henceforth p is any prime, T is a Sylow p-subgroup of the finite group G, and S is a subgroup of T . First note that strongly closed subgroups abound in finite group theory: Namely, if N is any normal subgroup of G, then T ∩ N is a Sylow p-subgroup of N and is also strongly closed in G. Thus the presence of strongly closed subgroups suggests, but does not guarantee, the presence of normal subgroups. Indeed, the aim of the classification is to characterize the "obstructions" to this phenomenon. To do so we must first quotient out the largest "natural" factor.
In general let R be any p-subgroup of G. If N 1 and N 2 are normal subgroups of G with R ∩ N i ∈ Syl p (N i ) for both i = 1, 2, then R ∩ N 1 N 2 is a Sylow psubgroup of N 1 N 2 . Thus there is a unique largest normal subgroup N of G for which R ∩ N ∈ Syl p (N ); denote this subgroup by O R (G). Thus 
The classification for p odd [FF11] yields a more diverse set of "obstructions" with added "decorations" as well. The proof of Theorem 8.2 relies on the Classification of the Finite Simple Groups, which in turn relies heavily on the Glauberman-Goldschmidt results cited earlier; so Theorem 8.2 does not give an independent verification of the latter.
We note that for p odd, "most" simple groups possess a nontrivial strongly closed p-subgroup that is proper in a Sylow p-subgroup; that is, conclusion (i) of Theorem 8.2 is the "generic obstruction" in the following sense. Let L n (q) denote a simple group of Lie type and BN -rank n over the finite field F q with (q, p) = 1. For all but the finitely many primes dividing the order of the Weyl group of the untwisted version of L n (q), the Sylow p-subgroups of L n (q) are homocyclic abelian. Furthermore, the order of L n (q) can be expressed as a power of q times factors of the form Φ m (q) r m for various m, r m ∈ N, where Φ m (x) is the mth cyclotomic polynomial. Then it can be shown that if m 0 is the multiplicative order of q (mod p), then p divides Φ m 0 (q) and the abelian Sylow p-subgroup of L n (q) is homocyclic of rank r m 0 and exponent | Φ m 0 (q) | p (see [GL83, 10 .1]). In particular it is not elementary abelian whenever p 2 Φ m 0 (q). For example, this is the case in the groups P SL n+1 (q) whenever p > n + 1 and p 2 divides q m − 1 for some m ≤ n + 1. Thus for fixed n and all but finitely many p, this can always be arranged by taking q suitably large.
Applications to other L-functions
The formalism of Heilbronn characters described in the previous sections can be applied to L-functions other than Artin L-functions. In [RK1] an application to the L-function of an elliptic curve is investigated. We briefly describe that here. Consider an elliptic curve C defined over the number field F . This is a complete genus 1 curve with a model over F and having an F -rational point. As is well known, this means that we can define an F -rational group structure on the set of points C(F ). By the Mordell-Weil Theorem, for any finite extension E/F , the set of E-rational points C(E) is a finitely generated abelian group, and so we may speak of its rank. We certainly have the inequality Here the product is over finite primes w of E, and k w denotes the residue field at w. Moreover, C w is the "reduction" of C modulo w. Apart from a finite number of primes w, the factor can be described as follows: Deuring [De] proved that if K ⊆ F , then there are Hecke characters ψ 1 , ψ 2 of F of infinite order such that To explain how the ideas described in this article can be used to prove the above-mentioned analogue of the Aramata-Brauer Theorem for CM elliptic curves,
